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ABSTRACT
We embed a new three-form vector multiplet in N = 1 supergravity and we show that it can
be used to generate dynamically the Hilbert–Einstein term. We then recast the theory into the
standard Freedman model and we argue that a pure Fayet–Iliopoulos term is in tension with the
Weak Gravity Conjecture. Finally, we couple the three-form to a super-membrane and study
BPS domain walls within matter-coupled supergravity. In these models, the Planck mass takes
different values on the domain wall sides.
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1 Introduction
Gauge three-forms in four dimensions have been studied extensively, since they can induce
interesting physical effects despite the fact that they cannot propagate any physical degrees of
freedom. One of the first applications was in cosmology, where they have been employed to
construct models in which the cosmological constant was generated dynamically [1–3]. More
recently they have been studied, for example, in inflation [4–10] and in relation to naturalness
problems [11–17]. Three-forms have been also embedded into supersymmetric models, both in
global supersymmetry [18–27] and in supergravity [28–37]. In this context, they can be used
for instance to dynamically introduce (some of) the parameters which are present in effective
theories coming from flux compactifications of string theory to four dimensions [38–45].
In this work, we continue the study of gauge three-forms in theories with local supersymme-
try. We start by constructing a new, composite abelian vector multiplet in minimal supergravity,
in which the real auxiliary field D is replaced by a composite expression, containing the Hodge
dual of the gauge three-form. This multiplet can be viewed as an extension to local super-
symmetry of an analogous three-form vector multiplet, which was studied in the global case
in [24,46,47]. Then, we couple the new vector multiplet to gravity and we propose a manifestly
supersymmetric Lagrangian describing its interactions. This Lagrangian is one of the main re-
sults of the work and it presents peculiar features. As we will show, in fact, the off-shell form of
the Lagrangian is remarkably different from standard supergravity coupled to an abelian vector
1
multiplet. In particular, as we will see, the differences do not end in substituting solely the
auxiliary field with the gauge three-form, as it is the case in global supersymmetry [24]. Even-
tually, when going on-shell, the known supergravity Lagrangian is recovered, together with an
important novelty: the (reduced) Planck mass MP is generated dynamically and given by
M2P = n , (1.1)
where the mass dimension two constant n is associated to the three-form flux and has to be
non-negative for a consistent theory of gravity.
To understand why this feature can be considered as new with respect to known construc-
tions, let us recall the logic behind the so-called superconformal and super-Weyl invariant for-
mulations of supergravity, which are among the most employed ones. In these approaches,
one usually starts from an action which is invariant under local superconformal or super-Weyl
symmetry, of which local supersymmetry is a subgroup. In this way, the couplings are highly con-
strained by the large symmetry group from the very beginning. Then, in order to obtain a theory
of gravity, superconformal or super-Weyl invariance have to be broken to local supersymmetry
and the Planck scale has to be introduced into the theory. This step is usually accomplished with
the help of a compensator field, which is appropriately fixed by a field redefinition. For example,
in the superconformal approach of [48] to minimal supergravity, the compensator is a chiral
multiplet φ, which is eventually fixed at φ = MP . In general, different off-shell formulations of
supergravity are related to different choices of the compensator multiplet.
Our construction, instead, follows an alternative logic: it does not require the introduction
of a specific compensator multiplet and the Planck mass is generated dynamically, once the
equations of motion for the gauge three-form are solved. Indeed, the superspace Lagrangian that
we propose for the new vector multiplet is super-Weyl invariant off-shell, since no physical scale is
present and despite the fact that we do not have any additional (compensator) superfield, besides
the three-form vector superfield. As we will show, super-Weyl invariance is then spontaneously
broken, when integrating out the gauge three-form. In fact, the equations of motion set the
Hodge dual of the gauge three-form to be a constant, with mass dimension two. This is precisely
the Newton constant, or Planck mass, and gravity becomes dynamical on-shell.
Notice that, within the standard superconformal approach, one might try to introduce dy-
namically the Newton constant, by giving a scalar potential to the compensator and by imple-
menting a Higgs mechanism. This strategy is different from ours and, moreover, it would require
particular attention, since the compensator usually has the wrong sign in its kinetic term.
After recovering the on-shell supergravity action for a vector multiplet, we take a step forward
and we show that our construction can be dualized into a more familiar model. This is the Fayet–
Iliopoulos model with D-term breaking of supersymmetry, whose supergravity embedding has
been proposed by Freedman [49]. We take this opportunity to comment on the fact that pure
Fayet–Iliopoulos terms in supergravity are in tension with the Weak Gravity Conjecture [50].
This can be understood as an extension of previous no-go theorems on Fayet–Iliopoulos terms
in generic theories of quantum gravity [51], which would place them within the Swampland [52].
Finally, we discuss the couplings of the system to matter chiral superfields and to super-
membranes. In this respect, we give two different examples. The first one involves only a single
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charged chiral superfield, besides the three-form vector superfield. When adding a membrane
to the setup and trying to construct 1/2-BPS domain wall solutions interpolating between the
distinct supersymmetric AdS vacua on the two sides, we notice that the profile has various
irregularities and we point out the root of the problem. As a consequence, we do not pursue
with the analysis further. Instead, we give a second example where higher derivative terms are
introduced, which however can be dualized into standard gauged supergravity coupled to two
massive chiral superfields. Once a membrane is added to the system, we construct and discuss
smooth domain wall solutions between the two different AdS regions on each of its sides.
The models in sections 5 and 6 are constructed by coupling to matter the original model
in section 3. The first of these models is described by a standard, two-derivatives gauged
supergravity action, eventually coupled to membranes, but it leads to an irregular domain wall
profile. In section 6, we cure this problem by letting the auxiliary field of the supergravity
multiplet propagate. This strategy leads to a regular domain wall solution, at the cost of
introducing higher derivatives. However, these are avoided in our presentation by means of an
appropriate dualization to a standard, two-derivatives, gauged supergravity. For these reasons,
the models in sections 3, 5 and 6 are clearly different from each other, nevertheless it is instructive
to present them in the proposed order of increasing complexity.
We stress that the supersymmetric AdS vacua that we construct and that are separated by
a membrane are characterized by a different value of the flux parameter n, which normalizes the
Hilbert–Einstein term. When crossing the membrane, this parameter jumps as
∆n ∼ Q , (1.2)
Q being the membrane tension. In this sense, we see that in our construction the Planck mass
MP is a variable that scans.
In this work we adopt the old minimal formulation of supergravity, following the conventions
of [53].
2 Three-form gauge multiplet in supersymmetry
In this section, we review the embedding of a gauge three-form into an abelian vector superfield in
global supersymmetry. This discussion is meant to be a warm-up for the next section, where we
are going to generalize and extend the results to supergravity. Since a complex linear superfield
is a central ingredient in the construction, in supersymmetry as well as in supergravity, we start
by reviewing its main properties.
In global supersymmetry, a complex linear superfield Σ is defined by the superspace condition
D
2
Σ = 0, (2.1)
which has solution
Σ =σ +
√
2θϕ+
√
2θχ− θσmθPm + θ2s+
√
2θ2θζ
− i√
2
θ
2
θσm∂mχ+ θ
2θ
2
(
i
2
∂mP
m − 1
4
σ
)
,
(2.2)
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where σ and s are complex scalar fields, ϕ, χ and ζ are Weyl fermions and Pm is a complex
vector. Alternatively, we can define the components of Σ by using superspace derivatives, as is
more convenient in supergravity. For example, we have
1
4
σ¯mα˙α
[
Dα, Dα˙
]
Σ| = Pm ≡ −vm + iCm , (2.3)
where vm = −RePm is a real vector and Cm = ImPm can be interpreted as the Hodge dual of
a three-form Cmnp
Cm =
1
3!
εmnpqCnpq =
1
4
σ¯mα˙α
[
Dα, Dα˙
]
Im Σ| . (2.4)
From Σ, we can define a composite vector superfield U as
U = −Σ + Σ
2
. (2.5)
This superfield was first introduced in [46] and then studied further in [24,47]. Here, we mainly
follow the analysis of [24].
Given the properties of Σ, one can easily check that U is a well-defined vector superfield.
Indeed, it contains a vector component field
1
4
σ¯mα˙α
[
Dα, Dα˙
]
U | = vm (2.6)
and, under the shift
Σ→ Σ + 2Y, (2.7)
where Y is chiral superfield, it transforms as a gauge vector superfield
U → U + Y + Y . (2.8)
Furthermore, under
Σ→ Σ− iL, (2.9)
where L is a real linear superfield, namely a complex linear superfield subject also to a reality
constraint, L = L∗, the three-form transforms as
Cm → Cm + 1
3!
mnpq∂nBpq, (2.10)
with Bpq given by
−1
4
σmα˙α[Dα, Dα˙]L| = 1
3!
mnpq∂nBpq. (2.11)
As a consequence, we can interpret Cmnp as a gauge three-form, since it has the proper gauge
transformation. Notice also that U is invariant under (2.9).
Given a vector superfield U , one can define a gauge-invariant field strength chiral superfield
Wα as
Wα(U) = −1
4
D
2
DαU. (2.12)
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Then, a supersymmetric Lagrangian for U is
L = 1
4g2
(∫
d2θW2(U) + c.c.
)
+ Lbd, (2.13)
where
Lbd = − 1
16g2
∫
d4θDαWα(Σ− Σ) + c.c.
=
1
64g2
[D2, D
2
](DαWα(Σ− Σ))|
(2.14)
is a boundary term contribution, which is necessary to take a consistent variation of the gauge
three-form. Indeed, as we will see below, the gauge three-form is contained within the D-term
component field of U , which is auxiliary. The standard procedure for eliminating the auxiliary
fields and going on-shell consists in solving the corresponding equations of motion and plugging
them back into the Lagrangian, in order to generate a scalar potential. Since the gauge three-
form is auxiliary in our construction, it has to be integrated out as any ordinary auxiliary
field. However, without the proper boundary term, we would obtain a wrong sign in the scalar
potential, once the solution of the equations of motion is inserted back into the Lagrangian.
More details about this can be found in [24], together with a systematic procedure to compute
explicitly Lbd for the three-form vector multiplet. In the next section, we are going to generalize
to supergravity also such a discussion concerning boundary terms.
The bosonic sector of (2.13) is
L = − 1
4g2
FmnF
mn +
1
2
D2 + Lbd, Lbd = − 1
g2
∂m(DC
m), (2.15)
where D is the real auxiliary field of the vector superfield, D= −12DαWα|. Since U is composite,
its auxiliary field D is also a composite expression and it is given in terms of the three-form as
D = −1
2
DαWα(U)| = ∂mCm = ∗dC3 . (2.16)
Therefore, in this construction the auxiliary field D is replaced by the Hodge dual of the gauge
three-form, as anticipated above. We will see that, in supergravity, the generalization of (2.16)
will contain interesting and important differences. In particular, besides the gauge three-form,
the composite auxiliary field D is going to contain also fields of the gravity multiplet.
In [24], it is also shown how to recast (2.13) into a dual theory, which is the Fayet–Iliopoulos
model for D-term supersymmetry breaking. In particular, the Fayet–Iliopoulos parameter is
generated dynamically, once the three-form is integrated out. In the next section, we are going
to describe also the generalization of such a dualization procedure in supergravity.
3 Three-form gauge multiplet in supergravity
In this section, we first introduce a new vector multiplet in supergravity which contains a three-
form inside its D-term component field. Then, we propose a Lagrangian in superspace which
describes its interactions. In an appropriate Wess–Zumino (WZ) gauge, such a Lagrangian has
5
a classical scale invariance, which is broken when the three-form is integrated out and a physical
scale is inserted dynamically into the theory. With a dualization procedure that we are going
to discuss, this theory can be recast into the more familiar Fayet–Iliopoulos model for D-term
breaking in supergravity. Finally, we comment on the tension between pure Fayet–Ilioupoulos
terms and the Weak Gravity Conjecture.
3.1 A new vector multiplet with a three-form
Given a complex linear superfield Σ, such that
−1
4
(
D2 − 8R
)
Σ = 0 , (3.1)
we define a new, composite vector superfield U as
U = −1
2
log
(
Σ + Σ
)
. (3.2)
This superfield is manifestly real and it is the supergravity generalization of the three-form
vector superfield discussed in the previous section in global supersymmetry.1
Notice that U is left invariant under the shift
Σ→ Σ− iL, (3.3)
where L is a real linear superfield. Keeping this in mind, it is instructive to study the behavior
of U under super-Weyl transformations. In our conventions, these are defined to act on the
super-vielbein as
δEM
a = (Y + Y )EM
a, (3.4)
δEM
α = (2Y − Y )EMα + i
2
EM
b(σb)
α
α˙D
α˙
Y¯ , (3.5)
where Y is a chiral superfield. The super-Weyl transformations of a real linear superfield L and
of a complex linear superfield Σ are given respectively by (see for example [35])
L→ e−2Y−2Y L, (3.6)
Σ→ ewY−2Y Σ. (3.7)
In general, the weight w of the complex linear superfield is arbitrary. However, if we want to
preserve the symmetry (3.3) of U , we are forced to choose w = −2. Indeed, in this way, under
a super-Weyl transformation of Σ, the composite superfield U transforms as
U → U + Y + Y (3.8)
and the transformed superfield still enjoys (3.3). The transformation (3.8) is the superspace
gauge transformation of a vector superfield, which induces the standard gauge variation on the
vector component field
vm → vm + ∂ma, a = 2Im(Y )|. (3.9)
1We would like to thank Stefano Lanza for discussions related to this multiplet, while the work [24] was under
completion.
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The embedding of the component fields inside the composite superfield U will be discussed
below.
To summarize, the requirement that the composite superfield U is invariant under the shift
(3.3) fixes the form of the variation of U under super-Weyl transformations to be that of a
gauge transformation (3.8). As we will discuss further in the following, this fact implies that the
R-symmetry is gauged in our setup. Indeed, the gravitino, which is always charged under the
R-symmetry, is charged under the super-Weyl transformation (3.5) and transforms under (3.9)
as
ψm → e−3iImY |ψm , (3.10)
taking into account, in (3.5), that (2Y −Y )|a = −32 ia.2 Another way to see that the R-symmetry
is gauged is by recalling that the supergravity multiplet contains a real superfield Gαα˙, which
has a vector auxiliary field in the lowest component, Gαα˙| = −13bαα˙ = −13σcαα˙bc. Under a
super-Weyl transformation, the superfield Gαα˙ transforms as
δGαα˙ = −(Y + Y )Gαα˙ + iDαα˙(Y − Y ). (3.11)
Therefore, if we consider only the part of the super-Weyl transformations generated by a =
2Im(Y )|, we can see directly that ba transforms as a gauge vector, namely
bc → bc − 3emc ∂ma. (3.12)
This is yet another signal of the gauging of the R-symmetry.
We proceed now and study the component structure of the composite superfield U , while we
will present a supergravity Lagrangian in the next subsection. By taking advantage of all of the
freedom that is granted by the combined super-Weyl and shift transformations
Σ→ e−2Y−2Y (Σ− iL) , (3.13)
which is the supergravity generalization of the combination of (2.7) and (2.9), we can write the
multiplet U in an appropriate WZ gauge. We will restrict our attention mainly to the bosonic
sector. We start by giving the independent bosonic component fields of the complex linear
superfield Σ contained in U , which are
Σ| = σ ,
−1
4
D2Σ| = F ,
Dα˙DαΣ| = Pαα˙ ,
(3.14)
where the fields σ, F and Pαα˙ are complex. Then, we notice that the shift symmetry (3.3) allows
us to set
Imσ
∣∣∣
WZ
= 0, (3.15)
by means of an appropriate gauge choice for the lowest component real scalar of L. If the theory
is gauge invariant, we can also use the gauge transformation (3.8), or equivalently (3.7) with
w = −2, in order to fix
Re σ
∣∣∣
WZ
=
1
2
, i.e. U
∣∣∣
WZ
= 0. (3.16)
2Here |a means that we look only at the ‘a’ transformation, namely we set ReY = 0.
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In this gauge, we can set
D2U
∣∣∣
WZ
= 0, i.e. F
∣∣∣
WZ
= −1
6
M , (3.17)
where the complex scalar M is an auxiliary field of the supergravity multiplet. Among the
non-gauge degrees of freedom, inside U we have a vector component field, defined as
vαα˙ = −1
2
[Dα,Dα˙]U
∣∣∣ = −RePαα˙∣∣∣
WZ
, (3.18)
which has been already introduced and which transforms as (3.9). Notice that the Pαα˙ appearing
in (3.18) is the WZ gauge-fixed version of the quantity in (3.14).3 We can now define the Hodge
dual of the three-form gauge field
Cm =
1
3!
mnpqCnpq , (3.20)
as [29]
Cm =
1
4
(
σmα˙α[Dα,Dα˙] + 8Gm
)
ImΣ
∣∣∣. (3.21)
This is the generalization of (2.4) to supergravity. In the WZ gauge, it reduces to
Cm =
1
4
σmα˙α[Dα,Dα˙]ImΣ
∣∣∣
WZ
= ImPm
∣∣∣
WZ
. (3.22)
Notice that this field transforms properly under the gauge transformation (3.3), namely
Cmnp → Cmnp + ∂[mBnp], (3.23)
where Bnp is given by
−1
4
(
σmα˙α[Dα,Dα˙] + 8Gm
)
L
∣∣∣ = 1
3!
mnpq∂nBpq. (3.24)
Indeed, one can think of the transformation (3.23) as a defining property for Cmnp, which is
indicating that such a quantity is a gauge three-form. We stress that this interpretation is
consistent only within actions that are invariant under (3.3).
As usual, given a vector superfield U one can define a gauge invariant field strength superfield
Wα as
Wα = −1
4
(
D2 − 8R
)
DαU . (3.25)
This superfield is chiral and transforms under (3.13) as
Wα →Wα e−3Y . (3.26)
3We recall that in the WZ gauge we have
Pαα˙
∣∣∣
WZ
= Dα˙DαΣ
∣∣∣
WZ
= −1
2
[Dα,Dα˙]Σ
∣∣∣
WZ
. (3.19)
In particular, torsion terms are vanishing, TCαα˙DCΣ
∣∣∣
WZ
= 0.
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Its independent fermionic component field is the gaugino λα in the lowest component
Wα| = −iλα , (3.27)
while for what concerns the independent bosonic components, we have the field strength Fmn,
encoded into
(DαWβ +DβWα)| = −4i(σba)αβDˆbva = 2i(σba)αβFˆab, (3.28)
where we defined the supercovariant derivative
Dˆbvαα˙ = e
m
b
{
Dmvαα˙ + i(ψmαλα˙ + ψmα˙λα) +
i
2
ψmvψaσ
a
αα˙
}
, (3.29)
and Dm is the covariant derivative which includes the spin-connection ω bma (e, ψ).
A vector superfield has also a D-term component field D, which is independent but (usually)
does not propagate physical degrees of freedom. However, in our case, since we are considering
the composite vector superfield U given in (3.2), the D-term component field D is also composite
and given by
D = −1
2
DαWα| = 1
6
R+∇mCm − 1
9
(bm + 3vm)
2 +
1
9
MM + fermions. (3.30)
This generalizes in a non-trivial way the simple result (2.16), valid in global supersymmetry. In
the following, we will often use the abbreviation ∇mCm ≡ ∗dC3.
At this point, it is worth commenting on the following facts. First, notice that the expression
(3.30) contains explicitly the Ricci scalar R. However, even when multiplied by the determinant
e, (3.30) is not transforming to a total derivative under local supersymmetry, therefore it cannot
provide a supersymmetric Lagrangian density. Second, we recall that the D-term component
of a vector superfield is gauge-invariant. Since the expression (3.30) contains the combination
(bm + 3vm) and since vm transforms as (3.9) under gauge transformations, then also bm has to
transform, in order for such a combination to be gauge-invariant. The correct transformation of
bm, which cancels that of vm, is given precisely by (3.12). This is a signal of the gauging of the
R-symmetry, at least in a supersymmetric theory containing a linear term in D.
Before concluding this presentation, let us discuss also what happens in the trivial case in
which we set the gauge superfield U to be pure gauge. A direct way to obtain this is by choosing
U ≡ 0 → Σ = 1
2
. (3.31)
Notice that this is different from the WZ gauge-fixing condition (3.16). Indeed, we are now
setting the entire superfield U to zero, without breaking supersymmetry. Then, when applied
to (3.1), the requirement (3.31) would also imply that
R = 0 . (3.32)
This equation is nothing but the supersymmetrization of the Einstein equations without sources.
As a result, we see that setting the gauge multiplet to be pure gauge forces also to impose the
full Einstein equations for the supergravity multiplet. An alternative way to obtain the same
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result is to set U ≡ Φ + Φ, where Φ is a chiral superfield. Indeed, this is the more generic
form of a pure gauge vector superfield. Then, we would find that Wα(U) ≡ 0, which in turn
would give a vanishing D-term auxiliary field, namely D≡ 0. Applying this result to (3.30),
we would see that it implies again the Einstein equations without sources, namely R = 0 and
M = 0 in components. In fact, sinceM is vanishing, the full multiplet R, which hasM as lowest
component, vanishes as well due to supersymmetry. Notice also that this poses restrictions on
the superfield Ga, which is related to R by the old-minimal supergravity Bianchi identities,
namely 4iDaGa = D2R − D2R ≡ 0 and Dα˙Gαα˙ = DαR ≡ 0. A similar effect occurs also in
the new-minimal formulation of supergravity, which is described by a gauge multiplet VR. In
particular, one can see that setting VR to be pure gauge leads directly to the Einstein equations
without sources.
3.2 The supergravity action and dynamical Planck mass
In this section we present a supergravity Lagrangian for the new, composite vector multiplet U
and we discuss its main properties. First, we work at the component fields level and we show how
the integration of the gauge three-form generates dynamically the four-dimensional Planck mass.
Then, we perform a complementary analysis in superspace and we recast the theory into its dual
formulation without the three-form, proving the equivalence with the Freedman’s model for the
Fayet–Iliopoulos D-term in supergravity [49]. Finally, we argue that pure Fayet–Iliopoulos terms
are generically incompatible with the Weak Gravity Conjecture.
3.2.1 Lagrangian and component fields analysis
We want now to construct a simple Lagrangian which describes the coupling of the new three-
form gauge vector multiplet in supergravity. In particular, such a Lagrangian has to be invariant
under the transformations (3.13), for consistency. Let us first recall that, under these transfor-
mations, the real and chiral superspace densities change respectively as
d4θ E → d4θ E e2Y+2Y , d2Θ 2E → d2Θ 2E e6Y , (3.33)
while the chiral projector transforms as
−1
4
(
D2 − 8R
)
→ −1
4
(
D2 − 8R
)
e−4Y+2Y . (3.34)
Taking these transformations into account, a simple Lagrangian which is invariant under (3.13)
is then
L =
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd , (3.35)
where Lbd is a boundary term that is required for a consistent variation of the action, as explained
previously, and is given by
Lbd = − 1
16g2
∫
d2Θ 2E
(
D2 − 8R
) [
DαWα Σ− Σ
Σ + Σ
]
+ c.c. (3.36)
As we will see, despite the fact that there is only one single superspace term, besides the boundary
contribution, this Lagrangian contains both the kinetic terms for the gravity multiplet and for
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the vector multiplet. Moreover, here we are giving directly the form of the boundary term
without a derivation, but later we will describe the procedure that explicitly gives rise to (3.36).
Before studying further the Lagrangian (3.35), it is instructive to discuss the reasons why
other proposals, which in principle could appear simpler, would actually be problematic. Ar-
guably, the simplest construction invariant under the symmetries (3.13) would be a term de-
pending on the real or on the imaginary part of Σ, namely∫
d4θ E (Σ + Σ) or i
∫
d4θ E (Σ− Σ) . (3.37)
When expanding in components, in the WZ gauge we will find that∫
d4θ E (Σ + Σ) = −e∇mCm + fermions, (3.38)
i
∫
d4θ E (Σ− Σ) = e
3
ema Dmba + e∇mvm + fermions. (3.39)
In both cases, the component expansion does not contain the Ricci scalar. Therefore, we can
readily conclude that despite their simplicity, (3.38) and (3.39) are not good proposals for a
supergravity Lagrangian.
Having motivated our choice of the Lagrangian (3.35), we can now proceed and study what
is the supergravity theory described by it. For simplicitly, we will first work at the component
level, in order to present the main physical properties more directly. Then, in section 3.2.3, we
will also perform a complementary analysis in superspace, in order to capture the full dynamics
of the theory. Once expanded in component fields, the bosonic sector of (3.35) in the WZ gauge
is
e−1L = − 1
4g2
FmnF
mn +
1
2g2
(
1
6
R+ ∗dC3 − 1
9
(bm + 3vm)
2 +
1
9
MM
)2
+ Lbd , (3.40)
where the (bosonic sector of the) boundary term is
e−1Lbd = − 1
g2
Da
(
DCa
)
+ . . .
= − 1
g2
Da
[(
1
6
R+ ∗dC3 − 1
9
(bm + 3vm)
2 +
1
9
MM
)
Ca
]
+ . . .
(3.41)
and dots stand for other boundary terms, which are not needed for varying consistently the gauge
three-form. We prefer to postpone the derivation of the boundary term (3.41) for the time being,
since we will show in section 3.2.3 how to construct it directly from superspace. However, already
at this stage, we can convince ourselves that the boundary term has the correct form, since it
allows to perform a variation of the three-form without imposing a non-gauge invariant boundary
condition. Indeed, by varying the three-form, we find the equation of motion
d D = d
(
1
6
R+ ∗dC3 − 1
9
(bm + 3vm)
2 +
1
9
MM
)
= 0, (3.42)
which is solved by
∗dC3 = −1
6
R+
1
9
(bm + 3vm)2 − 1
9
MM − 3ng2 , (3.43)
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where n is an integration constant with mass dimension 2, [n] = 2. In particular, in order to
cancel the variation δC3Lbd, the gauge invariant boundary condition
δ(∗dC3)
∣∣
bd
= 0 (3.44)
has been used. This confirms that (3.41) is the correct boundary term. To obtain the complete
on-shell theory, we have to integrate out also the auxiliary fields M and ba of the gravity
multiplet. The integration of M is trivial and sets M = 0. On the other hand, by integrating
out ba, one finds
bm = −3vm , (3.45)
which is in accordance with the gauging of R-symmetry by the physical abelian gauge field vm.
Once we insert the on-shell values for the auxiliary fields and for the Hodge dual of the four-form
flux (3.43), we obtain eventually
e−1L = −n
2
R− 1
4g2
FmnF
mn − 9
2
g2n2 . (3.46)
This is the on-shell bosonic sector of (3.35), in the WZ gauge. It contains the kinetic terms for
the graviton and the vector vm, together with a constant positive scalar potential, V = 92g
2n2,
generated by the gauging of the U(1) R-symmetry. The fact that the scalar potential is positive
is telling us that supersymmetry is spontaneously broken, the gaugino being the goldstino, and
the gravitino acquires a mass as a consequence of the super-BEH mechanism.
At this stage, it is worth commenting on the physical implications of our findings. We have
seen that the action (3.40) contains a gauge three-form which, once integrated, gives rise to the
standard Hilbert–Einstein term. In particular, the flux n works as an effective Planck mass and
gravity is dynamical. For a consistent propagation of gravity, the constant n has to be positive.
However, since a priori the flux n is not fixed to be positive, one can also wonder what happens
if it has a vanishing value. In this case, the only term that survives in the effective action (3.46)
is the vector kinetic term, − e
4g2
FmnF
mn. Then, the variation of the U(1) gauge vector leads
to the standard Maxwell equations in curved space. On the other hand, the variation of the
metric gives a constraint Tmn = 0, where Tmn is the energy momentum tensor of the vector
field. Such a setup describes a system where the metric is non-dynamical and the U(1) gauge
vector is constrained to have vanishing energy-momentum tensor. This observation indicates in
fact that the action (3.40) links two completely different systems characterized by n = 0 and
by n > 0. If, in addition, a membrane is coupled to the system described by (3.40) and it is
charged under the three-form gauge field, then a domain wall can interpolate between the two
phases. We will construct and discuss models of this kind in sections 5 and 6.
3.2.2 Dynamical breaking of scale invariance
The action (3.40) has a classical scale invariance under
gmn → Ω gmn , vm → vm , Cm → Cm , (3.47)
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where Ω is a positive constant. Clearly, such an invariance is a property of the full theory,
including fermions, since there are no explicit scales entering the action. Its origin is rooted in
the invariance of the total superspace action (3.35) under super-Weyl transformations, of which
scale transformations are a subgroup.
The WZ gauge fixing condition breaks the original super-Weyl invariance down to the scale
invariance (3.47). However, we would like to stress that this is a choice we made only for
convenience of the presentation. One can in principle avoid any gauge-fixing and perform the
calculation in its full generality. Then, the complete component Lagrangian would be super-Weyl
invariant, as its superspace counterpart. In particular, in our setup, the role of the compensator
is played by the (non-physical) chiral multiplet σ, living inside the vector multiplet U . This
is different, for example, from the superconformal approach to supergravity [48], where the
compensator is usually a separate chiral multiplet, with a wrong sign in the kinetic term.
The scale invariance (3.47) (or the original super-Weyl invariance if one does not perform
any gauge fixing) is then spontaneously broken by the three-form flux n, when going on-shell.
This is unavoidable, since a physical scale, namely the Planck mass, is introduced in the action
and the theory becomes supergravity. Notice that we are in fact generating the Planck mass
together with the super-BEH mechanism.
In this minimal model, once the three-form flux is introduced, we can fix it to n = M2P .
Alternatively, we can perform a Weyl rescaling on (3.46),
gmn → M
2
P
n
gmn , (3.48)
which is not anymore a symmetry of the theory, and the action takes the standard form
e−1L = −M
2
P
2
R− 1
4g2
FmnF
mn − 9
2
g2M4P . (3.49)
Notice that, after the rescaling (3.48), the three-form flux n has completely dropped out. This
happens because the simple setup under investigation, with solely one three-form vector multi-
plet, does not include any other physical scales. Later, once we introduce more scales and other
matter multiplets, we will see that the three-form flux value n will not drop out of the theory,
even after a Weyl rescaling.
3.2.3 Dual superspace formulation and equivalence with Fayet–Iliopoulos D-term
We showed that, after the dynamical breaking of scale invariance, our construction describes
a supergravity theory with spontaneously broken supersymmetry and a positive cosmological
constant. We perform now a complementary analysis of the model in superspace. In particular,
we show that its dual formulation, with the complex linear superfield integrated out, corresponds
to the Freedman model for the standard Fayet–Iliopoulos D-term in supergravity [49]. At the
same time, we give a prescription to calculate the explicit form of the boundary term (3.41).
In order to construct the dual formulation of the theory (3.35), we do not start by assuming
that the vector multiplet U has the specific form (3.2) from the very beginning, rather we would
like to obtain this result on-shell, by means of a Lagrange multiplier. Therefore, we start from
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the following Lagrangian for a standard vector superfield U
L = 1
4g2
∫
d2Θ 2E W2 − 3
4
∫
d2Θ 2E
(
D2 − 8R
)
Λ
(
Σ− 1
2
e−2U
)
+ c.c. , (3.50)
where Σ is a complex linear superfield and Λ is a Lagrange multiplier real superfield. Moreover,
notice that the mass dimensions of the various superfields are
[Λ] = 2 , [Σ] = 0 , [U ] = 0 , (3.51)
and that, in order for (3.50) to be gauge invariant, we have to perform a super-Weyl transfor-
mation together with a gauge transformation (3.8).
First, we show that the Lagrangian (3.50) is on-shell equivalent to our original proposal
(3.35). In particular, starting from (3.50), we can easily derive also the explicit form of the
boundary term (3.36). By varying (3.50) with respect to Λ and U , we get
δΛ : Σ + Σ = e−2U , (3.52)
δU :
e2U
6g2
DαWα = Λ. (3.53)
Therefore, we reconstruct (3.2) on-shell, as desired. Plugging these equations of motion back
into the Lagrangian, we get precisely (3.35), together with the boundary term given in (3.36).
On the other hand, we can consider the variation of the complex linear superfield Σ. Actually,
since Σ is constrained as in (3.1), we cannot vary it directly, but we have to take the variation
with respect to its prepotential spinor superfield Ψα, defined as
Σ = Dα˙Ψα˙, Σ = DαΨα. (3.54)
Notice that, even though Σ contains a three-form, when taking its variation we do not have to
supplement the Lagrangian with additional boundary terms. Indeed, we have
δΨL = −3
4
∫
d2Θ 2E
(
D2 − 8R
)
ΛDα˙δΨα˙ + c.c.
=
3
4
∫
d2Θ 2E
(
D2 − 8R
)
Dα˙Λ δΨα˙ + c.c. ,
(3.55)
which holds without the need to impose non-gauge invariant boundary conditions, since the
boundary term produced in the integration by part vanishes identically due to the presence of
the chiral projector, namely
(
D2 − 8R
)
Dα˙[ΛδΨα˙] ≡ 0. In other words, the Lagrangian (3.50),
as it is, allows for a consistent variation of Σ. The equations of motion give now
Dα˙Λ = 0 = DαΛ, (3.56)
which are solved by
Λ = n . (3.57)
Inserting this back into (3.50), we get eventually
L =
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
− 3n
∫
d4θ E e−2U . (3.58)
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This is the dual formulation of the supergravity theory (3.35), where the vector multiplet U
is now standard and not given by (3.2). The Lagrangian (3.58) is precisely the superspace
description of the Freedman model for the Fayet–Iliopoulos D-term in supergravity. Again, in
this formulation, the Hilbert–Einstein term is generated dynamically and is controlled by the
flux n, which has to be positive for a consistent propagation of gravity.
3.2.4 Breaking scale invariance with the new Fayet–Iliopoulos term
As we discussed, the superspace Lagrangian (3.35) is possibly the simplest one enjoying super-
Weyl invariance, before we integrate out the gauge three-form. However, in the minimal model
we analysed, we eventually found a degeneracy between the Planck scale and the scale governing
the cosmological constant. As we will see in the next section, one way to break such a degeneracy
is to couple the model to matter superfields with a non-trivial superpotential. However, in this
section, we discuss another possible strategy, which does not require the introduction of new
ingredients, but it can be pursued using solely the composite vector multiplet U .
We would like now to explicitly break the super-Weyl invariance by introducing an inde-
pendent supersymmetry breaking scale. Indeed, in the model (3.35), supersymmetry and scale
invariance were broken at the same stage, by the flux associated to the gauge three-form. To
this purpose, we can modify (3.35) by supplementing it with an additional superspace coupling,
which has to be super-Weyl invariant as long as we remain off-shell. Using only the vector
superfield U , it is possible to introduce the following term
Lnew FI = 24ξ
∫
d4θ E e−2U
W2W2
D2W2D2W2
DαWα + Lbd′ , (3.59)
where ξ is a real parameter with [ξ]=2 and L′bd is an appropriate boundary term, which guaran-
tees the consistent variation of the three-form. We do not give the full superspace form of Lbd′ ,
but we will only consider the parts that are relevant for us. Notice that, in order to consistently
introduce such a term, we have to assume that supersymmetry is spontaneously broken by the
three-form flux.
The term (3.59) is the super-Weyl invariant version of the new Fayet–Ilioupoulos term in
supergravity [54,55]. Its bosonic contribution, in the WZ gauge, reads
Lnew FI = −3ξeD + L′bd = −3ξe
(
1
6
R+ ∗dC3 − 1
9
(bm + 3vm)
2 +
1
9
MM
)
+ L′bd , (3.60)
where the boundary term is
L′bd = 3ξe ∗ dC3 . (3.61)
Notice that the three-form effectively drops out from (3.60), when considering also the boundary
term. However, to construct a consistent model, we have to add (3.59) to the kinetic Lagrangian
(3.35), which is quadratic in the composite auxiliary field D. Then, when integrating out the
three-form from the kinetic part, the Hilbert–Einstein term is generated dynamically, exactly as
explained before. Once also the auxiliary fields are integrated out, the contribution of (3.60) to
(3.46) is of the type
Lnew FI = −1
2
ξeR (3.62)
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and it goes together with the Hilbert–Einstein term stemming from (3.35). As a result, in the
complete theory, the Planck mass and the cosmological constant will depend differently on the
two scales n and ξ, namely
M2P ∼ ξ +
n
g2
, Λcc ∼ n
2
g2
. (3.63)
Once we normalizeMP to unity by an appropriate Weyl rescaling of the metric, the cosmological
constant is not normalized to g2 and thus does not lose all flux dependence, as it happens in
(3.49), instead it becomes
Λcc|MP=1 ∼
n2
g2
(
ξ +
n
g2
)−2
∼
(
g
n
ξ +
1
g
)−2
. (3.64)
In other words, by introducing a new scale we made the cosmological constant and the Planck
mass independent one from the other.
3.3 Fayet–Iliopoulos terms and Swampland conjectures
We showed that the minimal Lagrangian that we proposed for the composite vector multiplet in
supergravity is dual to the standard Fayet–Iliopoulos term, described by the Freedman model
[49]. In this section, which can be also read independently from the rest of the work, we pause
our discussion for a moment and we argue that pure Fayet–Iliopoulos terms are in tension with
the Weak Gravity Conjecture.4 This result is complementary to earlier no-go theorems on
Fayet–Iliopoulos terms in general theories of quantum gravity [51].
The Lagrangian (3.49) for the standard Fayet–Iliopoulos term in supergravity, once the
gravitino terms are also included, becomes
e−1L =− M
2
P
2
R+
1
2
klmn
(
ψkσlDmψn − ψkσlDmψn
)
− 1
4g2
FmnF
mn + iklmnψkσlψnvm − 4g2M4P +O(λ) ,
(3.65)
where Dm is the spacetime covariant derivative, which includes the spin-connection ω bma (e, ψ),
and O(λ) refers to terms containing the gaugino, which can be set to zero in the unitary gauge,
giving O(λ) ≡ 0. Notice that, with respect to (3.49), we have fixed the gravitino charge to be
integer, namely q3/2 = 1. This can be done by rescaling first the vector, vm → 2
√
2
3 v
m, and
consequently the gauge coupling, g → 2
√
2
3 g.
Since the scalar potential is a positive constant, we can think of this set up as a toy model for
obtaining de Sitter vacua in minimal supergravity, in four dimensions. The model is particularly
simple, given the fact that there are no scalars involved. Therefore, we would like to test how
robust is such a model against Swampland conjectures [52] or, alternatively, we wonder whether
the pure Fayet–Iliopoulos model can be consistently embedded into quantum gravity. In this
respect, we would find evidence for a negative answer, if the Weak Gravity Conjecture [50] is
4We would like to thank Thomas Van Riet for discussions related to this subsection.
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assumed to hold. It is important to stress that the model (3.65) is not ruled out by the no-
go theorem in [51] concerning Fayet–Iliopoulos terms in quantum gravity, because in (3.65) no
matter couplings are present, which are instead a central ingredient in such a no-go.5
We start our argument by noticing that the cosmological constant in (3.65) is given by
Λcc = 2gMP (3.66)
and it contributes to the vacuum energy as
〈V〉 = Λ2ccM2P . (3.67)
When wondering whether or not this model could be part of the Swampland, an immediate
answer would be given by the so-called no de Sitter conjecture [58, 59], which would promptly
exclude it from the Landscape of consistent effective theories. However, the Swampland program
is at present an intricate web of statements and conjectures, all related one another. Along with
this logic, we can indeed see that the no de Sitter conjecture is not the only one forbidding the
existence of (3.65) in quantum gravity.
The (magnetic) Weak Gravity Conjecture [50,52] states that, in an effective theory coupled
to gravity and with a U(1) gauge symmetry, as it is in the case under consideration, the cut-off
is bounded by the gauge coupling g, namely
Λcut−off . gMP . (3.68)
However, in the simple model (3.65), the product gMP is precisely of the order of the cosmological
constant Λcc given in (3.66). Therefore, for the standard embedding of the pure Fayet–Iliopoulos
term in supergravity, we find that Λcut−off . Λcc, which implies that such an effective description
breaks down at the scale given by the vacuum energy, where it is expected to receive non-
negligible corrections. From this argument, we see that the model (3.65) does not give an
effective theory consistent with quantum gravity, if the weak gravity conjecture is assumed. On
the other hand, such a result is fully compatible with the no de Sitter conjecture.6
Recently, a new embedding of the Fayet–Iliopoulos D-term into supergravity has been pro-
posed [54]. In this setup, the abelian vector is gauging a U(1) symmetry which is not an
R-symmetry; therefore, the gravitino is not charged. As a consequence, a new scale m3/2 can
be inserted into the theory, by means of a constant superpotential. The Lagrangian is
e−1L =− M
2
P
2
R+
1
2
klmn
(
ψkσlDmψn − ψkσlDmψn
)
− 1
4g2
FmnF
mn − (4g2M4P − 3m23/2M2P ) +O(λ)
(3.69)
5A second loophole in the argument of [51] appears in the presence of a nowhere vanishing superpotential.
In this case, indeed, one can go to a new Kähler frame with a gauge invariant Kähler potential of the form
G = K+log |W |2 and with unit superpotential. In such a frame, no R-symmetry transformation enters anymore.
Another loophole occurs when the Fayet–Iliopoulos parameter is quantized [56, 57]. We thank Eric Sharpe for
pointing out the latter possibility to us.
6See also [60] for a discussion on Fayet–Iliopoulos terms from heterotic string and the Swampland, and [61]
for further discussions on the de Sitter conjectures in supergravity.
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and the vacuum energy is given by
〈V〉 = Λ2ccM2P , Λcc =
√
4g2M2P − 3m23/2. (3.70)
Combing this with the bound (3.68) imposed by the Weak Gravity Conjecture, up to order one
numerical factors we find
Λcut−off .
√
Λ2cc + 3m
2
3/2 ∼ ΛSUSY , (3.71)
where ΛSUSY is the supersymmetry breaking scale. This result is clearly different from that
obtained in the standard Fayet–Iliopoulos case and, moreover, it is not unexpected. Indeed, due
to the underlying non-linear realization of supersymmetry [54], at the supersymmetry breaking
scale the new Fayet–Iliopoulos term is expected to receive corrections. Therefore, in this model,
the cut-off is bounded by ΛSUSY , as the Weak Gravity Conjecture consistently tells us.
Turning the logic around, this argument is in fact showing that, while standard pure Fayet–
Ilioupoulos terms are ruled out, the new ones might still be allowed in quantum gravity, if one
introduces also a constant contribution in the superpotential. The exact string theory origin of
the new Fayet–Iliopoulos terms is therefore an interesting question.
4 Coupling to supersymmetric membranes
In this section, we resume our analysis of the composite three-form gauge vector multiplet
in supergravity. We take advantage of the presence of a gauge three-form inside the vector
superfield, in order to couple the system to an effective super-membrane in four dimensions [62].
First, we present and review how the membrane can be introduced into the setup and then we
specify our background of interest and we derive the associated 1/2-BPS flow equations. These
will be solved in two different examples in sections 5 and 6. 7
4.1 Super-membranes and kappa-symmetry
We start by reviewing how to couple a super-membrane to the gauge three-form, following mainly
the discussion in [35, 43]. Here, we do not present a complete analysis, rather we focus only on
those ingredients which are going to be important for our purposes.
The embedding of the super-membrane world-volume C, with coordinates ξi (i = 0, 1, 2),
into the four-dimensional N = 1 superspace is described by the coordinates
ZM = (Xm(ξi), θα(ξi), θα˙(ξ
i)) . (4.1)
The pull-back of the super-vielbein EAM on the membrane world-volume and the world-volume
metric of the membrane are given respectively by
EAi = E
A
M (Z(ξ)) ∂iZ
M (ξ) , hij = ηabE
a
i E
b
j , (4.2)
7It would be interesting to investigate also backgrounds with strings as those studied for example in [36,45,63],
but we leave this for future work.
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where ∂iZM = ∂Z
M
∂ξi
and ηab is the four-dimensional flat space metric. Then, a generic kappa-
symmetric membrane action has the form
SSM = SNG + SWZ = −2Q
∫
C
d3ξ
√−deth |T | −Q
∫
C
A3 , (4.3)
where Q is a real positive constant. The chiral superfield T , which describes the field-dependent
membrane tension, and the real three-form superfield A3 are both defined in terms of a prepo-
tential superfield P. In particular, the chiral superfield T is given by
T = − i
4
(
D2 − 8R
)
P , (4.4)
while A3 is defined as
A3 =−2iEa ∧ Eα ∧ Eα˙σa αα˙ P + 1
2
Eb ∧ Ea ∧ Eασab αβDβP
+
1
2
Eb ∧ Ea ∧ Eα˙σabβ˙ α˙Dβ˙P +
1
24
Ec ∧ Eb ∧ Eaabcd
(
σdα˙α[Dα,Dα˙]P + 8GdP
)
.
(4.5)
If we choose the prepotential to depend on the complex linear superfield Σ as
P = −2 ImΣ , (4.6)
such that it transforms under the gauge transformation (3.3) as
P → P + 2L , (4.7)
then the lowest component of the superfield A3 contains the gauge three-form Cmnp, namely
A3
∣∣∣
WZ
= −1
3
ec ∧ eb ∧ eaabcdCd . (4.8)
In addition, the chiral superfield T is invariant under the gauge transformation (4.7) and trans-
forms under super-Weyl as
T → e−6Y T . (4.9)
Keeping all of these transformations into account, one can check that the Nambu–Goto and
Wess–Zumino terms in (4.3) are super-Weyl and gauge invariant. This is a crucial requirement
for our construction, since it is needed for the consistency of the R-symmetry gauging.
As it is known, the full action (4.3) has a fermionic symmetry called kappa-symmetry, under
which the coordinates transform as
δZM (ξ) = καEMα + κα˙E
α˙M
, (4.10)
where the local fermionic parameter satisfies the projection 8
κα =
T
|T |
i˜ijk
3!
√−dethabcdE
b
iE
c
jE
d
kσ
a
αα˙κ
α˙ . (4.11)
8We would like to thank Dmitri Sorokin for discussions related to kappa-symmetry.
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As a result, only half of the kappa-symmetry parameters are independent, which means that
only half of the fermionic world-volume degrees of freedom θα(ξ) are independent as well. A
complete and detailed proof of the kappa-symmetry invariance of the action can be found for
example in [43].
For completeness, we write the bosonic sector of the action (4.3). To this purpose, we notice
that the bosonic components of the chiral superfield T defined in (4.4), in the WZ gauge, are
given by (only bosons)
T
∣∣∣
WZ
= F
∣∣∣
WZ
− 1
6
M = −1
3
M ,
−4F T
∣∣∣
WZ
≡ D2T
∣∣∣
WZ
= −4
3
iema Dmba + 4iDmPm
∣∣∣
WZ
+
4
3
MM.
(4.12)
The component form of the super-membrane action (4.3) is then
SSM = −2
3
Q
∫
C
d3ξ|M |√−deth− 1
3
Q
∫
C
d3ξ˜ijk
∂Xm
∂ξi
∂Xn
∂ξj
∂Xp
∂ξk
Cmnp + fermions , (4.13)
where we remind that M is the supergravity auxiliary field and hij ≡ gmn∂iXm∂jXn is now
the pull-back metric on the membrane. Our conventions for the values of the antisymmetric
symbols are ˜012 = −˜012 = −1 = ˜0123 = −˜0123, as in [53]. The Levi-Civita tensors are defined
as usual, namely
ijk =
˜ijk√−dethij , klmn = ˜
klmn
e
, (4.14)
and we also recall the relations
Cm =
1
3!
mnpqCnpq, Cmnp = mnpqC
q, ∂[mCnpq] = −
1
4
mnpq ∗ dC3, (4.15)
which are being employed through the work. For example, by using the third one, we can recast
the equation of motion of Xm stemming from (4.13) as
∂m
(
|T |√−deth
)
− 1
6
˜ijk∂iX
n∂jX
p∂kX
qmnpq ∗ dC3 = 0. (4.16)
Finally, without loss of generality, we can choose the membrane to sit at z = 0 and we can
align its world-volume coordinates with the remaining spacetime ones, namely
transverse: z , world-volume: ξi ≡ xi = (t, x, y) . (4.17)
This is the so-called static gauge.
4.2 Metric ansatz and BPS flow equations
We present now a simple metric ansatz which will be used as a background in models with
membranes. Then, we derive the associated first order 1/2-BPS flow equations, which are
obtained by setting the supersymmetry variations of the fermions to zero, on such a background.
We are interested in studying domain walls separated by supersymmetric membranes in a
background of the type
ds2 = e2A(z)(−dt2 + dx2 + dy2) + dz2, (4.18)
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where A(z) is a warp factor which depends only on the coordinate z. This metric is compatible
with the presence of a flat rigid membrane at the z = 0 position. In the basis of vielbein
one-forms {ea}, given by
e0 = dt eA, e1 = dx eA, e2 = dy eA, e3 = dz, (4.19)
the only non vanishing components of the spin connection one-form, ωab, are
ωi3 = −ei A˙, i.e. ωmi3 = −eAA˙ δim, i = 0, 1, 2, (4.20)
where a dot means derivative with respect to z, namely A˙ ≡ ∂zA. In turn, the only non vanishing
components of the curvature two-form, Rab = dωab + ωacωcb, are given by
Ri3 = −eie3(A¨+ A˙2), Rij = −eiejA˙2, (4.21)
from which the Ricci scalar, R = ema enbRmn
ab, is found to be
R = 6A¨+ 12A˙2. (4.22)
Since we are interested in a purely bosonic background, in order to preserve supersymmetry
we have to set to zero the supersymmetry variations of the fermions. In addition to the spin-3/2
gravitino, in N = 1 supergravity we have two classes of spin-1/2 fermions, namely those in
vector multiplets, λα, and those in chiral multiplets, χIα.9 Therefore, we consider the following
equations
δλα : 0 = e
m
a e
n
bFmnσ
ab
α
ρξρ + iξαD ,
δχIα : 0 = iσ
m
αβ˙
ξ
β˙D˜mΦI + F Iξα ,
δψmα : 0 = −2D˜mξα + i
3
M eamσaαα˙ξ
α˙
+ terms with ba ,
(4.23)
where, in our setup, D is the composite auxiliary field given in (3.30). The gauge covariant
derivative acting on the scalars is defined as
D˜mΦI = ∂mΦI − 1
2
XI vm , (4.24)
where XI is the holomorphic Killing vector, which is defined by matching with the gauge trans-
formation of the scalar AI under the gauged U(1), that is: δAI = XI . Once we study a specific
Kähler manifold then we can derive the Killing potential D that is real and is given by
XI = −igIJ∂JD , (4.25)
where gIJ is the Kähler metric. For the supersymmetry parameter we have
D˜mξ
α = ∂mξ
α + ξρωmρ
α, with ωmρα = −1
2
σabρ
αωmab . (4.26)
9We consider just one vector multiplet, but a generic number of chiral multiplets ΦI .
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In order for the solution of (4.23) to preserve part of the bulk supersymmetry (BPS solution),
we have to impose a restriction on the supersymmetry parameter ξα, such that not all of its
components are independent. The appropriate condition is of the form
ξα = e
iβσ3αα˙ξ
α˙
, (4.27)
where eiβ is a constant phase. Indeed, as a consequence of (4.27), only two out of four super-
charges are independent. This condition is similar in form to the kappa-symmetry projection
(4.11). Indeed, at z = 0 we will align the fermionic kappa-symmetry parameter κα with the
supersymmetry parameter ξα, in order that the membrane preserves part of the bulk supersym-
metry.
It is important to notice that, since we have a non-vanishing D-term generated by the U(1)R
gauging, the first equation in (4.23) would need a non-trivial profile for the vector vm, in order to
be solved (we exclude the trivial case in which ξα = 0). Therefore, to avoid possible complications
related to anisotropies induced by a non-vanishing vacuum-expectation value of vm, we require
additionally that
D ≡ 1
6
R+ ∗dC3 − 1
9
(bm + 3vm)
2 +
1
9
MM = 0 (4.28)
along the flow, in order that we can consistently set
vm = 0 = bm, (4.29)
where the second equality follows from gauge invariance. With these conditions, the first equa-
tion in (4.23) is automatically solved, without posing any restriction on the supersymmetry
parameter.
Inserting (4.18), (4.27), (4.28) and (4.29) into (4.23) and assuming that all the quantities
depend only on z, in particular Φ = Φ(z) and ξα = ξα(z), we obtain the following set of BPS
flow equations
Φ˙I = ieiβF I , (4.30)
A˙ =
i
3
e−iβM, (4.31)
ξ˙α =
A˙
2
ξα. (4.32)
The last equation can be directly solved to give
ξα(z) = e
A(z)
2 ξ˜α , ξ˜α = constant , (4.33)
while (4.30) and (4.31) will be solved in the next sections, within two different examples.
5 Irregular BPS domain walls
In this section, we present the first of our examples, in which the composite three-form vector
superfield is coupled to one charged matter chiral superfield. We start by finding supersymmetric
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AdS vacua and then we introduce a supersymmetric membrane into the setup, following the lines
of section 4. When looking for BPS domain wall solutions interpolating between such vacua, we
notice that there are various irregularities, which might signal the fact that the solution itself
is not physical. We have however decided to keep this example in our presentation in order to
show what difficulties may arise. In section 6, we will later present a possible strategy to cure
this problem, within a second example.
5.1 Bulk Lagrangian with one charged chiral superfield
We start by presenting the matter coupled model without the membrane and by finding super-
symmetric AdS vacua. This model will capture the physics in the bulk region, away from the
membrane source, once the latter will be introduced.
Given the general form of the scalar potential in gauged supergravity,
V = eK/M2P (|DW |2 − 3M−2P |W |2)+ 18g2D2, (5.1)
where D are the killing potentials associated to the gauged isometries of the scalar manifold, in
order to have AdS vacua the superpotential W has to get a non-vanishing vacuum-expectation-
value. A simple choice would then be a constant superpotential, but this would break explicitly
the U(1) R-symmetry that we are currently gauging. To avoid the issue, we can take W to be
a function of a chiral superfield S
S = S +
√
2ΘχS + Θ2FS , (5.2)
transforming under super-Weyl (namely gauge) transformations as
S → e−qY S. (5.3)
In this way, indeed, a non-trivial superpotential can be included in the theory and the gauged
R-symmetry is only spontaneously broken in the vacuum.
A simple, super-Weyl invariant action describing the couplings of the composite vector su-
perfield U to the charged chiral superfield S is
L =− 3
∫
d4θE S e(q−2)US +
(∫
d2Θ 2E f S 6q + c.c.
)
+
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd ,
(5.4)
where f is a real constant parameter, with mass dimensions
[f ] = 3− 6
q
, (5.5)
and is at this point the only dimensionful parameter in the action. Indeed, as we explained in the
previous section, MP will appear only once the 3-form is integrated out and the associated flux
enters. Notice that, since we have now introduced new couplings to U , which is not a gauge-
invariant quantity, the boundary term is expected to be different from (3.36). Nevertheless,
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one can calculate it along with the same logic as before. Starting from the following parent
Lagrangian
L =− 3
∫
d4θE S e(q−2)US +
(∫
d2Θ 2E f S 6q + 1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
− 3
4
(∫
d2Θ 2E
(
D2 − 8R
)
Λ
(
Σ− 1
2
e−2U
)
+ c.c.
)
,
(5.6)
one can take the variation with respect to the Lagrange multiplier real superfield Λ, which gives
again (3.2), and with respect to the unconstrained U , resulting in
δU :
e2U
6g2
DαWα + (q − 2)
2
eqUSS = Λ. (5.7)
Plugging these back into the Lagrangian (5.6), we obtain (5.4) with the boundary term
Lbd = − 1
16g2
∫
d2Θ 2E
(
D2 − 8R
) [
(q − 2) 3g
2SS
(Σ + Σ)q/2
+
DαWα
Σ + Σ
]
(Σ− Σ) + c.c. (5.8)
Its bosonic component expansion, in the WZ gauge, is
e−1Lbd = 1
g2
enaDn
[(
−R
6
− ∗dC3 + 1
9
(bm + 3vm)
2 − MM
9
+
3g2(q − 2)
2
SS
)
Ca
]
. (5.9)
In order to study the properties of the model, one can either start from the theory (5.4)
containing the three-form, or equivalently use the dual formulation, which can be constructed
by integrating out Σ from (5.6). For convenience, we decide to follow this second path. The
integration of Σ proceeds then as before and gives again a constant, Λ = −m. Once this is
inserted back into (5.6), the Lagrangian becomes
L =− 3
∫
d4θE S e(q−2)U S +
(∫
d2Θ 2E f S 6q + c.c.
)
+ 3m
∫
d4θ E e−2U +
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
.
(5.10)
This is a standard superspace Lagrangian for gauged supergravity [53], with10
K + Γ = −3 log
(
Se(q−2)US −me−2U
)
, W = f S
6
q . (5.11)
Here, we stress that U is now a standard vector superfield and not the composite object (3.2).
From (5.11), we find that the Kähler potential and the Killing potential are given respectively
by
K = −3 log (SS −m) , D = 6m+ 3(q − 2)SS
m− SS . (5.12)
Notice that positiveness of the Kähler metric
gSS =
3m
(SS −m)2 , (5.13)
10We set MP = 1 from now on except otherwise noted.
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requires
m > 0 , (5.14)
while the moduli space is bounded to be within
SS > m. (5.15)
After the standard Weyl rescaling [53], the component bosonic sector becomes
e−1L = −1
2
R− gSSD˜mSD˜mS −
1
4g2
FmnF
mn − V (S, S), (5.16)
where the gauge covariant derivative is
D˜mS = ∂mS + i
2
gSSDSvm. (5.17)
The scalar potential reads
V(S, S) = 1
(SS −m)3
(
(SS −m)2
3m
|DSW |2 − 3f2(SS)6/q
)
+
g2
8
D2 , (5.18)
where
DSW = 3fS
6
q
−1
(
2
q
− SS
SS −m
)
. (5.19)
We now study the existence of supersymmetric AdS vacua in the model under investigation.
To find them, we can solve the F-term and D-term equations
DSW = 0, D = 0. (5.20)
Changing coordinates, S = ρeiθ, the solution of both equations is
SS = ρ2 =
2m
2− q , with q < 2. (5.21)
Notice that the fact that F-term and D-term equations are solved simultaneously is expected,
since it is known that, in supergravity, F-term and D-term breaking are related. Furthermore, a
solution of (5.20) is always an extremum of the potential, namely ∂SV = 0. The vacuum energy
at (5.21) is then given by
〈V〉 = −3f
2
m3
(
2− q
q
)3( 2m
2− q
) 6
q
≡ −3m23/2 , (5.22)
and it is negative for 2 > q > 0, namely for these values such vacua are AdS. Furthermore, we
defined the Lagrangian gravitino mass as m3/2 = e
K
2 |W |.
The scalar field θ is massless, while ρ is massive and its canonically normalized mass is given
by
m2ρ = 3g
2(2− q)− 2f
2
m3
(
2− q
q
)3( 2m
2− q
) 6
q
≡ 3g2(2− q)− 2m23/2. (5.23)
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Due to the minus sign between the first and the second term, this mass can assume positive and
negative values as well. However, we recall that a negative Lagrangian mass for a scalar field in
AdS does not lead to instabilties, as long as it satisfies the Breitenlohner–Freedman bound [48]
m2ρ >
3
4
V . (5.24)
Indeed, this is the case for the model under investigation, since
m2ρ −
3
4
〈V〉 = 3g2(2− q) +
m23/2
4
> 0. (5.25)
Since the gauged U(1) R-symmetry is spontaneously broken on this vacuum, due to a non-
vanishing f , the abelian vector acquires a mass by means of the Brout–Englert–Higgs mechanism
m2v =
g2
2
gSSDSDS
∣∣∣
SS=ρ2
= 3g2(2− q) . (5.26)
Finally, notice that the AdS vacua we find here are in agreement with the magnetic Weak
Gravity Conjecture, since the vacuum energy is independent of the gauge coupling g and therefore
can be chosen to satisfy (3.68). Moreover, we also see that 〈W 〉 6= 0, therefore we might go to
an appropriate Kähler frame such that the no-go of [51] is evaded. Indeed, these vacua are
supersymmetric AdS and therefore are not expected a priori to be in the Swampland.
5.2 Membrane coupling and BPS flow equations
We would like now to couple the system to a supersymmetric membrane and derive the BPS
flow equations associated to background presented in section 4. To this purpose, we add to (5.4)
the membrane action (4.3), obtaining
S =
∫
d4x
(
− 3
∫
d4θE S e(q−2)US +
(∫
d2Θ 2E f S 6q + c.c.
)
+
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd
)
−2Q
∫
C
d3ξ
√−deth |T | −Q
∫
C
A3 ,
(5.27)
where the boundary term is given in (5.8). For convenience, we change again basis to S = ρeiθ
and, as explained in 4.2, in the following we systematically set vm = bm = 0, since we are
interested in isotropic domain wall solutions. Indeed, we will also check that (4.28) is always
satisfied along the flow. With these assumptions, the bosonic component form Lagrangian
reduces to
e−1L = −1
2
ρ2R+ 3∂m(ρe
iθ)∂m(ρe−iθ)
− 1
3
ρ2MM + ρeiθMF
S
+ ρe−iθMFS − 3FSFS
− f(ρeiθ) 6qM − f(ρe−iθ) 6qM + 6
q
f(ρeiθ)
6
q
−1
FS +
6
q
f(ρe−iθ)
6
q
−1
F
S
− 3
2
(q − 2)ρ2D + 1
2g2
D2
+ e−1
∫
d3ξδ(4)(x−X)
(
−2
3
Q|M |√−deth− Q
3
˜ijk∂iX
m∂jX
n∂kX
pCmnp
)
.
(5.28)
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Here D is given by (3.30) with vm = 0 = bm. The variation of the auxiliary fields, assuming
(4.28), give
FS =
4
q(q − 2)f
(
ρe−iθ
) 6
q
−1
(eiθ − 1)
− e−1 2Q
3(q − 2)ρ
−1eiθ
∫
d3ξδ(4)(x−X) M|M |
√−deth,
M = − 6
q − 2fρ
−2
(
ρeiθ
) 6
q
(
1− 2
q
e−iθ
)
− e−1 2Q
q − 2ρ
−2
∫
d3ξδ(4)(x−X) M|M |
√−deth.
(5.29)
It is important to notice that, since T |WZ = −13M , the supergravity auxiliary field enters the
membrane tension and modifies non-trivially the equations of motion. Furthermore, in this
example we see that both equations (5.29) have a source term with a delta function on the right
hand side. This fact will have important consequences on the nature of the domain walls.
In order to simplify the setup, we assume that all fields depend only on the coordinate z. In
the static gauge, to which we restrict from now on, the equation of motion of the three-form is
then
3
2
(2− q)ρ2 = 3m, with m = c0 + 2
3
QΘ(z), (5.30)
where c0 is an integration constant, while the variation of Xm gives
∗dC3 = 1
3
e−3A∂z(e3A|M |). (5.31)
We can simplify further the analysis by assuming that
eiθ ≡ 1, FS = FS ≡ F , M = M ≡M, (5.32)
and by taking the charge of the chiral superfield to be unity,
q = 1 . (5.33)
As a consequence of all of these assumptions, the equations of motion of the auxiliary fields
reduce to
F = 2
3
ρ−1Q sgn(M)δ(z), (5.34)
M = −6fρ4 + 2ρ−2Q sgn(M)δ(z), (5.35)
while the variation of C3 and Xm are given respectively by
ρ2 = 2c0 +
4
3
QΘ(z), (5.36)
∗dC3 = 1
3
e−3A∂z(e3A|M|), (5.37)
where Θ(z) is the Heaviside step function.
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Since the membrane is supersymmetric, it can preserve part of the bulk supersymmetry on
its world volume.11 In order for this to happen, we have to require that the bulk supersymmetry
parameter ξα(z) is aligned with the kappa-symmetry parameter κα at z = 0. Since the latter
satisfies (4.11), on ξα(z) we impose that
ξα =
T
|T |
(
i˜ijk
3!
√−dethabcdE
b
iE
c
jE
d
kσ
a
αα˙
) ∣∣∣
z=0
ξ
α˙
= − iM|M |σ
3
αα˙ξ
α˙
= −i sgn(M)σ3αα˙ξα˙ . (5.38)
By comparing this with the projection condition on ξ given in (4.27), we get
eiβ ≡ −i M|M | = −i sgn(M). (5.39)
For simplicity, in the following we will also assume that
sgn(M) = 1, eiβ = −i . (5.40)
Taking all this into account, the BPS flow equations (4.30) and (4.31) in the background (4.18)
reduce to
ρ˙ = F , (5.41)
A˙ = −M
3
, (5.42)
where F and M are given respectively in (5.34) and (5.35). As a consistency check, one can
verify that the condition (4.28) is satisfied along the flow. Indeed, using (3.30), (4.22), (4.29)
and (5.37), we have
D ≡ 1
6
R+ ∗dC3 + 1
9
M2 =
(
∂z + 2A˙+
M
3
)(
A˙+
M
3
)
= 0, (5.43)
which vanishes when using also (5.42).
It remains to solve the equations (5.41) and (5.42). From their very form, we can see that if
the auxiliary fields F andM are discontinuous at one point, say z = 0, then the derivatives ρ˙
and A˙ of the propagating fields are discontinuous but in principle the fields themselves are not.
This is for example what happens in [43, 64]. However, in our case, the auxiliary fields contain
Dirac delta functions at the position of the membrane. This implies that the fields ρ and A will
be discontinuous, as we will see in the explicit solution.
5.3 Domain wall profile
We would like now to solve the BPS flow equations (5.41) and (5.42), namely
ρ˙ =
2
3
ρ−1Qδ(z), (5.44)
A˙ = 2fρ4 − 2
3
ρ−2Qδ(z). (5.45)
11We recall that a minimal spinor in four dimensions has four real supercharges, while in three dimensions it
has only two supercharges. Therefore, on the three-dimensional membrane world volume we can preserve two of
the four supercharges of the bulk.
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Actually, one can easily check that the first of these equations is identically solved by (5.36). We
see then that the field ρ experiences a discontinuity when crossing the membrane, as anticipated
before. We look now at the equation (5.45) and we determine the profile of A. In order to find
the discontinuity ∆A due to the presence of a delta function in (5.45), we integrate this equation
on a small interval [−, ] and subsequently we send  to zero. We have
∆A = lim
→0
∫ +
−
(
2fρ4 − 2
3
ρ−2Qδ(z)
)
dz = −2
3
ρ−2(0)Q , (5.46)
where ρ2(0) = 2co + 43QΘ(0), with Θ(0) =
1
2 . We solve then the flow equation on the right and
on the left sides of the membrane and we obtain
A(z) =
{
2zfρ4− z < 0,
2zfρ4+ − 23ρ−2(0)Q z > 0,
(5.47)
where ρ±(z) are given by
ρ(z) :

ρ−(z) =
√
2co z < 0,
ρ+(z) =
√
2co +
4
3Q, z > 0.
(5.48)
A plot of this solution is given in figure 1. In particular, the membrane sits at z = 0 and
discontinuities in the profile of the fields are clearly visible. Away from the membrane, the flow
is essentially trivial.
z
m = c0 +2 /3Qm = c0
ρ(z)
A(z)
Figure 1: Plot of the solutions (5.47) and (5.48) for the scalar ρ(z) and the warp factor A(z),
with parameters c0 = 1, Q = 2 and f = −12 . We see that both fields are discontinuous at the
position of the membrane.
The profile of the domain wall has various irregularities, which we now comment on. First,
when going on-shell with respect to the three-form, the Hilbert–Einstein term is normalized as
LHE, on-shell = −1
2
meR , (5.49)
where m is given in (5.30) and it has to be positive. Therefore, we see that the effective M2P we
discussed in (1.1) can be identified as n = m. However, in the present solutionm is discontinuous.
29
As a result we are not sure on how to study the theory in the Einstein frame and correctly
evaluate the curvature. Second, the metric profile in the Jordan frame is characterized by A(z)
which is again discontinuous. Such discontinuity could signal the break down of supergravity on
the membrane. Finally, both the Einstein equations and the equations of motion for the scalar
are not satisfied at z = 0, if we use the A and ρ profile we have described here. For example,
the equation for ρ reduces to
ρM(M+ 6fρ4) = 0, (5.50)
which is formally not satisfied by (5.35) at z = 0. For these reasons we do not investigate this
profile further.12 Let us however point out that the root of the above issues is the fact that we
have a Dirac delta function appearing in the auxiliary fieldM . We will now see how to overcome
this issue.
6 Smooth BPS domain walls
In the previous section we studied BPS domain walls where the physical fields are discontinuous
when crossing the membrane. Moreover, at the membrane position, various irregularities are
present which might signal the breakdown of supergravity. The very origin of this problem is
rooted in the fact that the membrane couples to an auxiliary field, which changes non trivially the
BPS equations, even if is not propagating. In this section, we let the auxiliary field propagate.
This will introduce higher derivatives, albeit ghost-free, into the theory and, as we will see, it
will also lead to smooth domain wall solutions.
For convenience of the presentation, we organize the discussion in the following order. We
start by analysing a particular matter-coupled gauged N = 1 supergravity model, with two
massive chiral superfields but without three-forms, and we search for supersymmetric AdS vacua.
Then, we show how such a standard supergravity theory can be recast into a dual one, which
contains the composite gauge three-form vector multiplet and in which the lowest component
of the tension superfield T , that is T |WZ = −13M , is propagating. This alternative formulation
will allow us to couple the system to membranes and construct smooth domain wall solutions.
6.1 Bulk Lagrangian with two massive chiral superfields
The model we study in this section constitutes the bulk Lagrangian for the extended setup which
will contain also the membrane. In other words, the supersymmetric AdS vacua we find here
can be interpreted as solutions of standard supergravity on the different sides of the membrane
added in the following parts.
12An interpretation of these irregularities is that the current system has no supersymmetric ground state at
all (even BPS), since the equations of motion are formally not solved on the membrane. However, since we did
not investigate whether or not the system allows for any other type of BPS solution, we remain agnostic in this
respect.
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We start by considering the superspace Lagrangian
L =α
∫
d4θE Zre(6r−2)UZr +
(
i
∫
d2Θ 2E XZ + c.c.
)
+ i
∫
d4θE(X −X)e−2U
− 3m
∫
d4θ E e−2U +
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
,
(6.1)
where Z and X are chiral superfields, while U is a standard vector superfield which, in the
present section, does not contain any gauge three-form. The parameters α, r and m are real.
Using the standard language of gauged supergravity [53], we can identify
K + Γ = 6U − 3 log
(
m− 1
3
αZre6rUZ
r − i
3
(X −X)
)
, W = iXZ , (6.2)
whereW is the superpotential of the theory. From these expressions, we can calculate the Kähler
potential and the Killing potential
K = −3 log
(
m− 1
3
αZrZ
r − i
3
(X −X)
)
, D = 6 +
18αrZrZ
r
3m− i(X −X)− αZrZr . (6.3)
It is convenient to express the complex scalars as
X = χ+ iφ , Z = ρ eiθ , (6.4)
where the fields ρ > 0 and θ should not be confused with those used in the previous example.
In the basis ΦI = {X,Z}, the Kähler metric is given by
gIJ =
3
(3m− 2φ− ρ2r)2
(
1 iαrρ2re−iθ
−iαrρ2reiθ αr2(3m− 2φ)ρ2(r−1)
)
. (6.5)
Supersymmetric AdS vacua can be found by solving the F-term and D-term equations
DiW = 0, D = 0. (6.6)
The solution of these equation is given by the field configuration
χ = 0, φ =
3mr
1− r , ρ
2r =
3m
α(1− r) , (6.7)
and the vacuum energy is
〈V〉 =
(
3m
α(1− r)
) 1
r
(
1− r
rm
)
. (6.8)
At this point, the sign of the vacuum energy depends on the choice of α, r and n. In order to
obtain AdS vacua, these parameters can be constrained as follows. First, on the vacuum we ask
for consistency that
det gIJ |min = −
(r − 1)2
27m2rρ2
> 0, (6.9)
which leads to the condition r < 0. This, in turn, tells us that we have to require mα > 0, in
order for ρ2r to be positive. Taking into account these relations, the only way to have a negative
vacuum energy is when
α > 0, r < 0, m > 0. (6.10)
This region of the parameter space gives supersymmetric AdS vacua.
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6.2 Membrane coupling and BPS flow equations
We have seen that the model (6.1) admits supersymmetric AdS solutions. Now, we would like
to introduce a supersymmetric membrane into the setup and study domain walls interpolating
between two of such vacua, separated by the membrane. To this purpose, we would have first to
trade the standard vector superfield U appearing in (6.1) for the composite superfield (3.2) and
then we could couple the membrane to the three-form. However, we will follow an alternative
path, in order to compare and contrast this example with the previous one. We will start from
a model similar to (5.27) and we will show how to recover (6.1) with the three-form correctly
coupled to the membrane.
As we explained before, in the previous example the membrane was coupled to the super-
gravity auxiliary field M = −3T |WZ . Despite the fact that this field was not propagating, it
induced non-trivial effects on the equations of motion, which lead to a singularity in the Ricci
scalar. In order to avoid this issue and deal with more standard and smooth domain wall so-
lutions, we decide now to let the auxiliary field M propagate. This can be obtained by simply
adding a kinetic term for it. Therefore, we start by considering a model similar to (5.27), with
S = 0 for simplicity, and with a kinetic term for the chiral superfield T . The action is then of
the form
S =
∫
d4x
(
α
∫
d4θE T re(6r−2)UT r +
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd
)
− 2Q
∫
C
d3ξ
√−deth |T | −Q
∫
C
A3 ,
(6.11)
where U is now the composite three-form vector multiplet (3.2). Since the auxiliary field M
propagates, this action contains higher derivative interactions, ghost-free nonetheless. Indeed,
the propagation of the auxiliary fieldM of old-minimal supergravity is linked to higher curvature
terms [65].
For convenience, we can dualize (6.11) to a standard two-derivatives supergravity action in a
manifestly supersymmetric way. The result will be precisely the model (6.1), with the composite
vector superfiled (3.2), and the system will also be coupled to the supersymmetric membrane.
To perform the dualization, we consider the parent Lagrangian
S =
∫
d4x
(
α
∫
d4θE Zre(6r−2)UZr +
(
i
∫
d2Θ 2E X (Z − T ) + c.c.
)
+
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd
)
− 2Q
∫
C
d3ξ
√−deth |T | −Q
∫
C
A3 ,
(6.12)
where Z is a chiral superfield with the same Weyl weight as T , while X is a Lagrange multiplier
chiral superfield with vanishing weight. Notice that the chiral superfield entering the membrane
tension is still T . One can easily check that, by varying X, we get Z = T and we recover the
higher derivative Lagrangian we started from. To link (6.12) with the model studied in section
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6.1, we notice that, using (4.4), (4.6) and up to boundary terms,(
−i
∫
d2Θ 2E XT + c.c.
)
=
∫
d4θE(X +X)P
= i
∫
d4θE(X +X)(Σ− Σ) = i
∫
d4θE(X −X)(Σ + Σ) (6.13)
= i
∫
d4θE(X −X)e−2U .
Inserting this into (6.12), we find eventually
S =
∫
d4x
(
α
∫
d4θE Zre(6r−2)UZr +
(
i
∫
d2Θ 2E XZ + c.c.
)
+ i
∫
d4θE(X −X)e−2U +
(
1
4g2
∫
d2Θ 2E W2(U) + c.c.
)
+ Lbd
)
− 2Q
∫
C
d3ξ
√−deth |T | −Q
∫
C
A3 .
(6.14)
This is precisely the gauged supergravity model (6.1) with two chiral superfields, but now the
vector superfield U is given by (3.2) and the three-form is consistently coupled to a membrane.
In particular, this action admits the same supersymmetry AdS vacua studied in section 6.1.
We stress once more that, similarly to the previous example, the chiral superfield entering the
Nambu–Goto term of the membrane tension has as lowest component the auxiliary field M .
The component form of the Lagrangian (6.14), under the assumption (4.29) and in the field
basis (6.4) with χ = 0, is given by
e−1L = 1
6
(αρ2r + 2φ)R− αr2ρ2(r−1)∂m(ρeiθ)∂m(ρe−iθ)
+
1
9
(αρ2r + 2φ)MM − 1
3
αrρ2r−1e−iθFZM − 1
3
αrρ2r−1eiθFZM
+
i
3
MFX − i
3
MF
X
+ αr2ρ2(r−1)FZFZ + φρeiθM + φρe−iθM
− 2φReFZ + iρeiθFX − iρe−iθFX
+
1
2
(α(6r − 2)ρ2r − 4φ)D + 1
2g2
D2 + e−1Lbd
+ e−1
∫
d3ξ δ(4)(x−X)
(
−2
3
Q|M |√−deth− 1
3
Q˜ijk∂iX
m∂jX
n∂kX
pCmnp
)
,
(6.15)
where D is the composite expression (3.30), with again vm = bm = 0. The equations of motion
of the auxiliary fields, using the condition (4.28), result in
δFX : M =− 3ρeiθ, (6.16)
δM : −iFX =
(
αρ2r+1 − φρ
r
)
(1− 3r)e−iθ (6.17)
+ e−1Q
∫
d3ξδ(4)(x−X)e−iθ√−deth, (6.18)
δFZ : FZ =− ρ
2
r
+
φ
αr2ρ2(r−1)
, (6.19)
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while the variation of the real scalar φ gives
δφ : ∗dC3 = −ρ2
(
3− 1
r
)
− φ
αr2ρ2(r−1)
. (6.20)
It is important to notice that now the auxiliary field M does not contain any Dirac delta term
anymore. This will allow us to find a continuous profile for the warp factor.
So far the discussion has been quite general, but in order to proceed we prefer to make some
additional assumptions, to simply the setup. First, we recall that we are working with the metric
ansatz (4.18) and that all fields are assumed to depend at most on z, in particular
ρ = ρ(z), φ = φ(z). (6.21)
We further assume that
eiθ ≡ 1, M = M ≡M, FZ = FZ ≡ F , −iFX = iFX ≡ H , (6.22)
which, together with (6.16), imply
sgn(M) = −1 . (6.23)
Finally, we choose the parameters
α = 1, r = −1, (6.24)
in accordance with (6.10), but we do not fix m. From now on, we will always work in the static
gauge (4.17).
As we explained in the previous example, in order for (part of) the bulk supersymmetry to
be preserved by the membrane, we have to require that the parameter ξα, at z = 0, is identified
with the kappa-symmetry parameter κα. In particular, the latter satisifes (4.11) and therefore
we impose
ξα =
T
|T |
(
i˜ijk
3!
√−dethabcdE
b
iE
c
jE
d
kσ
a
αα˙
) ∣∣∣
z=0
ξ
α˙
= − iM|M |
∣∣∣
z=0
σ3αα˙ξ
α˙
= ieiθ
∣∣∣
z=0
σ3αα˙ξ
α˙
. (6.25)
By comparing with (4.27), we obtain then
eiβ = ieiθ|z=0 ≡ i . (6.26)
After all of these assumptions and simplifications, the BPS equations (4.30) and (4.31)
become
ρ˙ = −F , (6.27)
φ˙ = −H, (6.28)
A˙ =
M
3
, (6.29)
where the variation of the auxiliary fields and of the scalar φ are given respectively by
M = −3ρ, (6.30)
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H = Qδ(z) + 4φρ+ 4ρ−1, (6.31)
F = ρ2 + φρ4, (6.32)
∗dC3 = −4ρ2 − φρ4. (6.33)
The equation of motion (4.16) reduces to
∗dC3 = e−3A∂z
(
ρ
√−deth
)
= e−3A∂z
(
ρe3A
)
= ρ˙+ 3ρA˙, (6.34)
which is in agreement with (6.29) and (6.33), while the equation of motion of the three-form,
under the assumption (4.28), leads to
3m = 2φ+ 4ρ−2 , m = co − 2
3
QΘ(z) . (6.35)
As a check, we can verify that the condition (4.28) is satisfied along the flow. Indeed, for
vm = bm = 0 and using (4.22), together with (6.30) and (6.34), we have
D ≡ 1
6
R+ ∗dC3 + 1
9
M2 =
(
∂z + 2A˙− M
3
)(
A˙− M
3
)
= 0, (6.36)
which vanishes along (6.29). By using (4.12), (6.16) and (6.20), one can check also that
F T = − ∗ dC3 − 1
3
MM = FZ , (6.37)
where FZ is given in (6.19). This is expected from the very form of the superspace Lagrangian
(6.12), from which one can derive that T = Z, on-shell.
Before solving the BPS equations, we would like to verify that the Ricci scalar has the
standard behavior we expect from a domain wall solution. The Lagrangian (6.15) is not in
Einstein frame, since its effective Hilbert–Einstein term is
LHE, on-shell = −1
2
ρ−2eR . (6.38)
Notice here that the effective M2P we discussed in (1.1) can be identified as n = ρ
−2. The
appropriate Weyl rescaling is this time gmn = ρ2gEmn and the Einstein frame metric is explicitly
ds2E = ρ(z)
−2
[
e2A(z)(−dt2 + dx2 + dy2) + dz2
]
. (6.39)
We notice that, in this example, the Weyl rescaling is performed with a continuous function,
which however does not have continuous derivatives. The Ricci scalar associated to (6.39) is
then
RE = ρ
2R+ 6ρ2
(
2
(
ρ˙
ρ
)2
− 1
ρ
(3A˙ρ˙+ ρ¨)
)
= 6
(
2ρ4 + 2ρ2ρ˙+ 2ρ˙2 − ρρ¨) , (6.40)
where R is given in (4.22). The most singular behavior on the membrane source is given by the
last term and it is of the type
RE |z=0 ∼ δ(0) + . . . (6.41)
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This is the standard behavior expected for the curvature on the membrane, in such kind of
models.
In addition, it is easy to verify that, along the flow, the equations of motion for the scalar
ρ and the traced Einstein equations for the metric that can be derived from (6.15) are also
satisfied in this example, even on the membrane. This was not the case for the previous model
and provides a non-trivial cross-check for the self-consistency of this solution.
6.3 Domain wall solutions
Finally, we present the solution of the BPS flow equations (6.27), (6.28) and (6.29), namely
ρ˙ = −ρ2 − φρ4, (6.42)
φ˙ = −Qδ(z)− 4φρ− 4ρ−1, (6.43)
A˙ = −ρ. (6.44)
To simplify the problem, one can notice that the second equation in (6.42) is identically satisfied
by (6.35). Therefore, we can just restrict our attention to
ρ˙ = ρ2 − 3
2
ρ4
(
c0 − 2
3
QΘ(z)
)
, (6.45)
A˙ = −ρ. (6.46)
One can find analytic solutions to these equations and verify that away from the membrane we
find the supersymmetric AdS vacua we discussed in section 6.1, with asymptotic values for ρ
and RE given by
ρ−2|asymptotic = 3m/2 , RE |asymptotic = 16
3m2
. (6.47)
It is however more convenient for our presentation to continue with numerical solutions. We
will use the values
c0 = 1 , Q = 1 . (6.48)
We found a numerical solution to the system of the differential flow equations, which is reported
in figure 2.
One can see that, contrary to the previous example, both the profiles of the scalar fields
are continuous. In addition we see that the scalar ρ has a non-trivial flow only on the one side
of the membrane and it also goes asymptotically to its value characterized by the appropriate
supersymmetric AdS vacuum on that side. In particular, for our solution the asymptotic values
of ρ are
ρ|asymptotic =

√
2/3 for z < 0,
√
2 for z → +∞.
(6.49)
The metric background also goes asymptotically to AdS with values for the Einstein frame
curvature
RE |asymptotic =
{
16/3 for z < 0,
48 for z → +∞.
(6.50)
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zm = c0 -2 /3Qm = c0
ρ(z)
A(z)
Figure 2: Plot of a numerical solution of (6.45) and (6.46) for the scalar ρ(z) and the warp factor
A(z), with parameters c0 = 1 and Q = 1. We see that both fields are continuos everywhere along
the z-direction. On the right hand side we have asymptotically supersymmetric AdS.
For completeness, we present also the profile of the Einstein frame Ricci scalar RE along z,
which gives information on the cosmological constant in figure 3. For our example, with c0 = 1
and Q = 1, the exact form of the curvature is
RE |c0=Q=1 = −3ρ4(−8 + 9m2ρ4 + 2ρ δ(z)), (6.51)
where we see the Dirac function type of singularity on the membrane source.
z
m = c0 - 23Qm = c0
RE
Figure 3: Plot of the behavior of the Einstein frame Ricci scalar for our numerical solution.
Note that it has a monotonic behavior.
7 Discussion
In this work, we presented a new vector multiplet in supergravity, which contains a gauge three-
form inside its D-term component field. We proposed also a superspace Lagrangian, describing
its interactions. This Lagrangian is super-Weyl invariant off-shell, but the latter invariance
is spontaneously broken when the gauge three-form is integrated out and the Planck scale is
introduced dynamically into the theory. As we showed explicitly, this theory can be recast into
the more familiar Lagrangian for the standard Fayet–Iliopoulos model of D-term breaking in
supergravity. At this stage, we commented also on the fact that pure Fayet–Iliopoulos terms
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in supergravity are in tension with the Weak Gravity Conjecture. Finally, we studied the
couplings to charged chiral superfields and to effective membranes in four dimensions, and we
constructed domain walls in two different examples, one of those containing also higher derivative
interactions. In these models, the vacua from the left and the right of the membrane source are
characterized by a different Planck mass.
A possible interpretation of the irregularities encountered in the first domain wall profile is
that the associated system does not admit a supersymmetric ground state at all. However, we
refrained to make such a statement in the main part of the work, since we preferred to remain on
the safe side, without drawing any conclusion. It is nevertheless interesting to comment further
on this hypothesis. Assuming this to be true, the model of section 6 might then be among the
simplest generalizations of the previous irregular solution admitting a consistent BPS ground
state. This may imply that whenever the membrane tension depends on an auxiliary field, the
existence of the corresponding BPS ground state might be jeopardized, unless higher derivative
corrections are introduced. In this respect, knowing the off-shell completion of a given theory
would be important in order to understand how to couple consistently to extended objects.
An aspect of our construction that we find quite surprising is the fact that we start from
an off-shell superspace description of a locally supersymmetric Maxwell theory and eventually
we recover gravity dynamically, when going on-shell. In this sense, we are indeed giving a new
off-shell completion of a supersymmetric theory with just an abelian vector multiplet, which is
on-shell equivalent to the standard supersymmetric Einstein–Maxwell model. This may be also
relevant for the search of off-shell completions in supergravity theories with more supercharges.
Finally, an interesting development would be to employ this new three-form multiplet as part
of low energy effective theories coming from flux compactifications of string theory, extending
earlier works [39, 41, 43–45, 64], and in particular to study the compatibility with [45] and the
relation to [66]. In string compactifications the four-dimensional Planck mass is related to the
volume of the internal manifold. In situations in which the moduli can be stabilized, see for
example [67], the volume would be given then by flux numbers. In this respect, our construction
can be seen as a toy model for these more fundamental scenarios, since the Planck mass is given
by the flux n.
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